Introduction
There has been a rapidly growing interest in physics of dusty plasmas [1^7] not only because of dust being an omnipresent ingredient of our universe, but also because of its vital role in understanding di¡erent collective processes (mode modi¢cation, new eigen modes, coherent structures, etc.) in astrophysical and space environments, such as interplanetary space, interstellar medium, interstellar or molecular clouds, comets, planetary rings, earth's environments, etc. [1^10] .
The consideration of charged dust grains in a plasma does not only modify the existing plasma wave spectra [11^13] , but also introduces a number of new novel eigenmodes, such as dust-acoustic (DA) waves [14, 15] , dust ion-acoustic (DIA) waves [16, 17] , dust lattice waves [18, 19] , etc. Rao et al. [14] theoretically predicted the existence of extremely low phase velocity (in comparison with the electron and ion thermal speeds) DA waves in an unmagnetized dusty plasma whose constituents are an inertial charged dust £uid and Boltzmann ions and electrons. Thus, in the DA waves the inertia is provided by the dust particle mass and the restoring force comes from the pressures of electrons and ions. The theoretical prediction of Rao et al. [14] has been conclusively veri¢ed by a number of laboratory experiments [15] . On the other hand, Shukla and Silin [16] have theoretically shown that due to the conservation of equilibrium charge density n e0 e þ n d0 Z d e À n i0 e ¼ 0 and the strong inequality n e0 ( n i0 [where n s0 is the particle number density of the species s with s ¼ eðiÞd for electrons (ions) dust, Z d is the number of electrons residing onto the dust grain surface, and e is the magnitude of the electronic charge] a dusty plasma (with negatively charged static dust grains) also supports low-frequency DIA waves [with phase speed much smaller (larger) than electron (ion) thermal speed]. Thus, in the DIA waves [16] the inertia is provided by the ion mass and the restoring force comes from the pressure of electrons. The DIA waves have also been experimentally observed [17] . The linear properties of the DA and DIA waves in dusty plasmas are well understood [1,5,7,11^14,16] .
The linear theory is only valid when the wave amplitude is so small that one can neglect the nonlinearities. However, there are numerous processes via which unstable modes can saturate and attain large amplitudes. When the amplitudes of the waves are su⁄ciently large, nonlinearities cannot be ignored. The nonlinearities come from the harmonic generation involving the £uid advection, the nonlinear Lorentz force, trapping of particles in the wave potential, ponderomotive force, etc. [5] . The nonlinearities in plasmas contribute to the localization of waves, leading to di¡erent types of interesting nonlinear coherent structures (viz. solitary structures, shock waves, vortices, etc.) which are important from both theoretical and experimental points of view. In the present paper we consider the nonlinear propagation of the DA and DIA waves and show how dust particles introduce new features to the nonlinear structures in an unmagnetized dusty plasma. We also consider the e¡ects of adiabatic dust £uid temperature, trapped and nonthermal ion distributions, non-planer (spherical/ cylindrical) geometries, strongly correlated dust £uid, etc. and show that these e¡ects can signi¢cantly modify the nonlinear structures (particularly, the DA solitary structures). Furthermore, we examine the in£uence of viscosity on the nonlinear propagation of the DA and DIA waves, and show that due to the e¡ect of the viscosity the DA and DIA waves propagate as shock waves.
The manuscript is organized as follows. The basic equations describing the dusty plasma system under consideration is given in Section 2. The small (arbitrary) amplitude DA solitary structures are studied by the reductive perturbation (pseudo-potential approach) in Section 3. A number of important e¡ects, e.g. adiabatic dust £uid temperature, trapped and nonthermal ion distributions, non-planer (spherical/cylindrical) geometries, strongly correlated dust £uid, etc. on DA solitary waves are examined in Section 4. The formation of the DIA solitary and shock waves in a dissipative dusty plasma system, and their basic properties are discussed in Section 5. A brief discussion is presented in Section 6. is governed by [14, 20] 
Model equations
where n s is the particle number density normalized by n s0 , u d is the dust £uid velocity normalized by 
We assume that the electrons and ions follow the Boltzmann distribution. Thus, the normalized electron and ion number densities are, respectively, n e ¼ expðs i jÞ; ð4Þ
DA solitary waves (DASWs)
To study small but ¢nite amplitude DASWs, we use the reductive perturbation method [21] and to study arbitrary amplitude DASWs, we use the Sagdeev potential approach [22] . The properties of such small and arbitrary amplitude DASWs may be described as follows. 
and b s ¼ 
It is obvious from Eq. (10) that V ðjÞ ¼ dV ðjÞ=dj ¼ 0 at j ¼ 0. Therefore, solitary wave solutions of Eq.
< 0 so that the ¢xed point at the origin is unstable and (ii)
> ð<Þ0 for solitary waves with j > ð<Þ0. The nature of these solitary waves, whose amplitude tends to zero as the Mach number M tends to its critical value, can be found by expanding the Sagdeev potential V ðjÞ to third order in a Taylor series in j.
The critical Mach number is that which corresponds to the vanishing of the quadratic term. At the same time, if the cubic term is negative, there is a potential well on the negative side, and if the cubic term is positive, there is a potential well on the positive side. Therefore, by expanding the Sagdeev potential V ðjÞ around the origin, the critical Mach number at which the second derivative changes sign can be found as
. At this critical value of M the cubic term of V ðjÞ can be expressed as
This clearly reveals that the cubic term is always (for any values of s i and d) negative, i.e. DASWs with j < 0 can only exist. It is of interest to examine whether or not there exists an upper limit of M for which DASWs exist. This upper limit of M can be found by the condition V ðj c Þ ! 0, where j c ¼ ÀM 2 =2 is the minimum value of j for which the dust number density n d is real. Thus, the upper limit of M is that maximum value of M for which S m ! 0, where 
Some important e¡ects
The properties of the DASWs that we have described upto now are valid only for a cold and weakly coupled dust £uid, isothermal ions and planar (one dimensional) geometry. We now study how some important e¡ects, such as dust £uid temperature, non-isothermal (trapped and nonthermal) ion distributions, non-planer geometry, strong dust correlation, etc. can signi¢cantly modify the DASWs.
Dust £uid temperature
To include the e¡ect of the ¢nite dust £uid temperature [24, 25] , we use the modi¢ed dust momentum equation
supplemented by the energy equation
and Eqs (3)^(5). Here P d is the dust £uid pressure normalized by
To study arbitrary amplitude DASWs in such a dusty plasma model, we make all the dependent variables depend on a single independent variable x ¼ z À Mt and reduce Eqs (3)À (5), (11) and (12) 
and C 1 is an integration constant. The latter is determined from V ðj; M; s d ; s i ; dÞ ¼ 0 at j ¼ 0. It is important to note that we cannot consider the limit s d ! 0 in the Sagdeev potential V ðj, M, s d , s i , dÞ in its present form. To consider the limit s d ! 0, we express y as
We note that in our study the condition for the ion density to be real requires j1 þ 2j=M 2 s 2 1 j ! 2s 0 =s 2 1 . One can now examine how the dust £uid temperature s d modi¢es the properties of arbitrary amplitude DASWs by analyzing the Sagdeev potential V ðj; M; s d ; s i ; dÞ, as we described in Section 3.2. We can also examine the e¡ect of the dust £uid temperature on the DASWs by direct numerical solitary wave solutions of Eq. (13) for di¡erent values of s d , as shown in Fig. 3 . It is obvious from Fig. 3 that as we increase the dust £uid temperature, the amplitude of DASWs decreases, but their width increases. 
Trapped ion distribution
It is well known [26^29] that the electron and ion distribution functions can be signi¢cantly modi¢ed in the presence of large amplitude waves that are excited by the two-stream instability [30] . Accordingly, the electron and ion number densities depart from the Boltzmann distribution when a phase space vortex distribution appears in a plasma. For the DA waves, the ion trapping in the wave potential is of interest. To study the e¡ects of non-isothermal ions on the DASWs, we consider the trapped or vortex-like [26, 29] ion distribution
for ju i j > ffiffiffiffiffiffiffiffiffi ffi À2j p and
for ju i j ffiffiffiffiffiffiffiffiffi ffi À2j p . We note that the ion distribution function, as prescribed above, is continuous in velocity space and satis¢es the regularity requirements for an admissible BGK solution [26] . Here the ion velocity v i in Eqs (17) and (18) is normalized by the ion thermal speed V Ti , and s it ð¼ T i =T it Þ, which is the ratio of the free ion temperature T i to the trapped ion temperature T it , is a parameter determining the number of trapped ions. Integrating the ion distributions over the velocity space we readily obtain the ion number density n i as [28] 
for s it > 0 and
for s it < 0, where
If
We now follow the reductive perturbation technique of Schamel [27] 
Equation (23) 
Nonthermal ion distribution
To study the e¡ect of a non-thermal [33, 34] ion distribution on DASWs, we choose a more general class of the ion distribution which includes the population of nonthermal (fast) ions. Thus, we take [31] 
where u i is the ion speed normalized by the ion thermal speed V Ti and a is a parameter determining the population of nonthermal (fast) ions in our dusty plasma model. The e¡ect of electrostatic disturbance on the equilibrium ion distribution can easily be introduced by replacing u 2 i with u 2 i þ 2j. The resulting distribution function is then integrated over the velocity space, yielding [31] 
where a 0 ¼ 4a=ð1 þ 3aÞ. We now make all the dependent variables depend only on a single variable x ¼ z À Mt, use the steady state condition, impose the appropriate boundary conditions (namely n d ! 1, u d ! 0, j ! 0 and dj=dx ! 0 at x ! AE1) and reduce Eqs (1)À(4) and (27) to an energy integral ð1=2Þðdj=dxÞ 2 þ V ðjÞ ¼ 0, where 
Now, following the analytical steps or numerical analysis of the Sagdeev potential V ðjÞ described in Section 3.2 we can show that when a > 0:155 and M > 1:41, the potential well develops on both the positive and negative j-axis. This means that the presence of nonthermal ions (a > 0:155) supports the coexistence of compressive and rarefactive DASWs (DASWs with j < 0 and j > 0).
Cylindrical and spherical DASWs
It is well known that in laboratory devices one may encounter multi-dimensional DASWs. We are, therefore, interested in examining the radially ingoing DASWs in non-planar (cylindrical and spherical) geometries. The dynamics of low phase velocity nonlinear DA waves in cylindrical and spherical geometries are governed by , is due to the e¡ect of the cylindrical or spherical geometry [35] . One can numerically solve Eq. (32) by using a two-level ¢nite di¡erence approximation method [35] and can study the e¡ects of cylindrical and spherical geometries on time-dependent DASWs.
Strong dust correlation
The nonlinear propagation of the DA waves in a strongly coupled dusty plasma can be investigated by means of the generalized hydrodynamic (GH) equations [36] , namely Eqs (1), (3)À(5) and
where D t ¼ @=@t þ u d @=@z, n dn is normalized by the dust plasma frequency o pd , the viscoelastic relaxation time t m is normalized by the dust plasma period o
À1
pd and
tudinal viscosity coe⁄cient with Z b and z b being the shear and bulk transport coe⁄cients [36] .
To derive a dynamical equation for the DA shock waves from our basic Eqs (1), (3)À (5) and (33) 
where We now consider the shock solution of the K-dV-Burgers equation (34) which, after transformation of the space variable x to z ¼ x À U 0 t, where U 0 is the normalized velocity of the shock waves, can be integrated once, yielding
where we have used the steady state condition and have imposed the appropriate boundary conditions, viz.
=dz 2 ! 0 at z ! 1. We can now easily show [38, 39] that Eq. (35) describes a shock wave whose speed (in the reference frame) U 0 is related to the extreme values j ð1Þ ðÀ1Þ À j ð1Þ ð1Þ ¼ Y by U 0 =A ¼ Y =2. Thus, in the rest frame the normalized speed of the shock waves is ð1 þ AY =2Þ. The nature of these shock waves depends on the relative values of the dispersive and dissipative parameters b d and m d .
We ¢rst consider a situation where the dissipative term is dominant over the dispersive term, i.e. we can express Eq. (35) as
Equation (36) can be integrated, using the condition that y is bounded as z ! AE1, to obtain [38] 
Equation (37) represents a monotonic shock solution with the shock speed U 0 , the shock height U 0 =A d and the shock thickness
The shock solution appears because of the dissipative term, which is proportional to the viscosity coe⁄cient. Now, we discuss the combined e¡ects of dissipation (b d ) and dispersion (m d ). When m d is extremely small, the shock waves will have an oscillatory pro¢le in which the ¢rst few oscillations at the wave front will be close to solitons
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, the shock wave will have a monotonic behaviour. To determine the value of the dissipation coe⁄cient m d corresponding to monotonic or oscillating shock pro¢les, we investigate the asymptotic behaviour of the solution of Eq. (35) for z ! À1. We ¢rst substitute j ð1Þ ðzÞ ¼ y 0 þ y 1 ðzÞ, where y 1 ( y 0 , into Eq. (35) and then linearize it with respect to y 1 in order to obtain
The solution of Eq. (38) is proportional to expðp s xÞ, where p s is given by
It turns out that the shock wave has a monotonic pro¢le for m d > m dc and an oscillatory pro¢le for m d < m dc , where
DIA solitary/shock structures
We present here an analytical model for the one-dimensional DIA solitary [40, 41] and shock [42^45] waves in an unmagnetized dusty plasma. The nonlinear propagation of the DIA waves are governed by [42] 
where u i is the ion £uid speed normalized by the ion-acoustic speed c s ¼ ðk B T e =m i Þ 1=2 , F is the electrostatic wave potential normalized by k B T e =e, the time (t) and space (z) variables are in units of the ion plasma period o pi À1 ¼ ðm i =4pn i0 e 2 Þ 1=2 and the Debye length l Dem ¼ ðk B T e =4pn i0 e 2 Þ 1=2 , respectively, and
Dem (in which m is the kinematic viscosity). To derive a dynamical equation for the nonlinear propagation of the DIA waves, we employ the reductive perturbation method as before, i.e., we introduce the stretched variables x ¼ e 1=2 ðz À u 0 tÞ and t ¼ e 3=2 t, and expand n i , u i and F in power series of e. The reductive perturbation method allows us to derive the K^dV^Burgers equation:
We note that we have assumed Z i ¼ e 1=2 Z i0 . As u 0 > 0 and Z i0 > 0, the sign of the coe⁄cients A i , b i and m di are determined by the sign of a i . It is obvious that a i is positive when 3ðd þ 4s i Þ > d 2 and is negative when 3ðd þ 4s i Þ < d 2 . To explain more clearly whether our considered dusty plasma model supports solitary waves or shock-like structures, we consider the following two situations.
DIA solitary structures
To study the properties of DIA solitary structures we consider a situation where the e¡ect of the dispersion is dominated over that of the dissipation. This consideration reduces Eq. (43) to a K^dV equation:
Transforming the space variable x to z ¼ x À u 0 t, where u 0 is a constant speed normalized by c s , and imposing the appropriate boundary conditions for localized perturbations, the stationary solution of Eq. (44) is given by
where the amplitude F 
It is also obvious that as we increase u 0 , the amplitude of the DIA solitary waves increases, but their width decreases.
DIA shock structures
To examine the properties of DIA shock structures that may exist in our considered dusty plasma model, we ¢rst consider a situation where the dissipative term is dominant over the dispersive term. For this situation, Eq. (43) reduces to
The solution of Eq. (46) is obviously given by Eq. (37) with
Equation (47) represents a monotonic shock solution with the shock speed V 0 , the shock height V 0 =A i and the shock thickness 2A i m di =V 0 . The shock solution appears because of the dissipative term, which is proportional to the viscosity coe⁄cient. It is also obvious from Eq. (47) that the dusty plasma model support the DIA shock waves with positive potential for
Þ=2. Now we discuss the combined e¡ects of dissipation and dispersion, i.e. we consider the shock solution of K^dV^Burgers equation (43) by the same method as we discussed in Section 4.5. If we do so, we ¢nd that when m di is extremely small, the shock wave will have an oscillatory pro¢le in which the ¢rst few oscillations at the wave front will be close to solitons moving with velocity V 0 . If m di is increased and it is larger than a critical value m dic ¼ ð4b i V 0 =A i Þ 1=2 , the shock wave will have a monotonic behaviour.
Recently, the DIA shock structures were experimentally excited by Nakamura et al. [44] Fig. 4 . It reveals that the oscillatory wave structure behind the shock becomes less in number with increasing the dust particle number density and ¢nally completely disappears at a su⁄ciently high dust particle number density (n d ¼ 10 5 cm À3 ) leaving only the laminar shock front. The shock speed also increases with increasing the dust particle number density. It is also noted that the particle density behind the shock remains constant, although the amplitude of the shock front (steepened part) seems to decrease when the dust particle number density is increased.
The e¡ect of the dust particle number density on the ion-acoustic compressional pulses has also been experimentally studied by Luo et al. [45] who observed a steepening of the ion-acoustic pulses as they propagated through a dusty plasma if the percentage of the negative charge in the plasma on the dust grains was about 75% or more.
Discussion
We have studied electrostatic solitary and shock structures in a multi-component unmagnetized dusty plasma consisting of negatively charged dust grains, electrons and ions. We have also examined how such nonlinear structures are modi¢ed by the e¡ects of trapped ion distribution, adiabatic dust £uid temperature, non-planar geometries, strong dust correlation, etc. Our results are summarized as follows.
1. The dusty plasma, which consists of negatively charged cold dust £uid and Boltzmann electrons and ions, can support solitary waves with a negative potential only, corresponding to a hump in the dust number density. 
We have also shown that a dissipative dusty plasma supports DIA shock waves instead of DIA solitary waves due to the dissipative e¡ect (m di ). The polarity of such DIA shock structures also becomes negative for d > 3ð1 þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 1 þ 16s i =3 p Þ=2.
To conclude, we stress that the results of the present investigations should be useful in understanding the properties of localized electrostatic waves in space and laboratory dusty plasmas. Fig. 4 . Experimental results of Nakamura et al. [44] . It shows that as n d is increased, oscillatory wave structure behind the shock decreases and completely disappears at n d ¼ 10 5 cm À3 leaving only laminar shock front. It also shows that shock speed increases with increasing n d .
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